We consider a Hamiltonian of three degrees of freedom and a family of periodic orbits with a transition from stability to complex instability, such that there is an irrational collision of the Floquet eigenvalues of opposite sign. We analyze the local dynamics and the bifurcation phenomena linked to this transition. We study the resulting Hamiltonian Hopf-like bifurcation from an analytical point of view by means of normal forms. The existence of a bifurcating family of 2D tori is derived and both cases (direct and inverse bifurcation) are described.
Description of the problem and methodology
Let us consider a Hamiltonian with three degrees of freedom and a family of periodic orbits with a transition from stability to complex instability, that is, there is a critical periodic orbit for which a collision of Floquet multipliers of opposite sign at an irrational point -complex instability-takes place.
Our analytical approach is to compute the (formal) normal form, around the critical periodic orbit, up to an arbitrarily high order and to use this normal form to describe the dynamics around this transition. For this computation, we carry out the following process:
We change the system of coordinates to a suitable one, by means of a symplectic transformation; we apply a canonical Floquet transformation to reduce the normal variational equations of the orbit to constant coe cients; we complexify the Hamiltonian; we describe how to compute, in a some tricky and constructive way, the normal form.
Main results
Dealing with the truncated normal form itself and the di erential equations associated to it, we derive the existence of two families of invariant 2D tori which bifurcate from the critical orbit, we identify the coe cient that determines the unfolding type and the stability of the bifurcating tori. From a suitable parameterization of the 2D tori, we also describe the e ect of the unfolding on the local phase space in a neighbourhood of the transition:
Con nement on the direct case, and compression of 3d tori on the inverse one. We remark the similarities to the local phase space structure of the Hamiltonian Hopf bifurcation for a two-degree of freedom Hamiltonian. ( 6] ), using the Hamiltonian itself but with a previous isoenergetic reduction and a normal form up to order six, and that by Bridges et al. ( 3] ), where they consider a nonlinear 4D symplectic map, and use the normal form derived in 2] in order to simplify the map. We remark that the theory for existence and stability of periodic orbits in the unfolding of a rational collision is analyzed in 1].
Our contribution is to present a constructive method (that can be implemented numerically, from a practical point of view) to compute the normal form in order to obtain a good approximation of the relevant invariant objects (periodic orbits, 2D and 3D tori and invariant manifolds) as well as the dynamics around them, for any particular application described by a Hamiltonian.
Formulation of the problem
Let H( ) with = ( ; ), be a real three degree of freedom analytic Hamiltonian, with its associated Hamiltonian system _ = J 3 rH ( ) ; (1) with J 3 the matrix of the standard canonical 2-form of R 6 . Suppose that this system has a non degenerate family of periodic orbits with transition to complex instability, i. e., such that one of its orbits undergoes a collision of Floquet multipliers on the unit circle. Further, denote by 0 ( ) a 2 -periodic parameterization of this critical orbit, with period T 0 = 2 =! 0 .
If M 0 (2 ) is the monodromy matrix of 0 ( ), its Jordan normal form will ?i e 
6 The quadratic part of the Hamiltonian in the adapted coordinates
In order to compute the normal form around the periodic orbit, we assume that we can introduce a suitable system of canonical coordinates to describe a neighbourhood of this orbit. This adapted system of coordinates has to contain an angular variable (and its canonical conjugate variable I) to parameterize the whole periodic orbit. Moreover, we have to introduce other four Cartesian coordinates to describe the normal behavior of the orbit. As we have shown in the previous section, these normal coordinates can be chosen (real or complex) in such a way that the normal variational equations of the orbit are reduced to a constant coe cient system with matrix B. Let us remark that as it has been done in 7], in some cases these coordinates can be found explicitly in a practical implementation of this normal form methodology. Then, if we denote by (q 1 ; q 2 ; p 1 ; p 2 ) the complex normal variables introduced before (plus a suitable scaling), we have that the quadratic part of the Hamiltonian takes the form: H 2 = ! 0 I + i! 1 (q 1 p 1 + q 2 p 2 ) + q 2 p 1 ;
where ! 1 = e ! 1 =T 0 . If in equation (7) 7 Normal form at higher order sketch of proof. The proof of the proposition 2 is done by using the Lie series method to remove in an increasing order the \non-resonant terms" of the Hamiltonian. Let us note that this order is de ned by counting twice the degree in the I variable with respect to (q; p). (14) then, as in addition, the frequencies ! 0 and ! 1 are rational independent, it can be shown that the necessary conditions for a monomial to be resonant are k = 0 and ( m;n;0 = 0 , m 1 + m 2 = n 1 + n 2 ) :
(15) By discussing the structure of the equation (12), we can see that if the above resonance conditions are not ful lled by the monomial F, one can remove the corresponding term in the homological equations giving the adequate value to the coe cients a l;m;n;k of the generating function G. 3 . By a more careful analysis of the algebraic structure of equation (12) 
